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We consider the background-independent quantization of a general scale-invariant theory of gravity with 
matter, which supports a conserved Weyl current recently suggested as a natural flow of time. For scalar-
metric systems, a conformal class of Ashtekar-Barbero connection variables is constructed, which can 
be quantized using spin networks. Crucially, the quantum states become separable into the eigen states 
of the generator of the scale transformation and spin-network states in the Einstein frame. The eigen 
values consist of additional quantum numbers including a new type of fundamental frequency ω and 
energy E = h̄ω with respect to a new local time τ carried by every spin-network vertex. The discretely 
distributed τ values as the “quanta of time” correspond to a functional time related to the integrated 
Weyl current in the classical theory. The Immirzi ambiguity of loop quantum geometry is removed by 
scale symmetry. To probe the quantum behaviour of the early Universe, the new formalism is applied to 
a scale-invariant homogenous and isotropic cosmological model coupled to a doublet of scalars with 
illustrative numerical simulations. The Einstein-frame volume is quantized in recently improved and 
regularized polymer representations with an arbitrary Immirzi parameter. The resulting unitary evolution 
of the quantum state of an expanding universe has a positive energy spectrum. A rescaling of the 
Immirzi parameter is equivalent to a translation in time without changing dynamics. The big bang can be 
identified in the past time limit when the expectation values of the Jordan-frame volume tend to zero. 
Remarkably, the quantized big bang is not replaced by a big bounce—a prevalent scenario in present loop 
quantum cosmology.

© 2019 Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

There have been substantial recent interests in physics strongly 
influenced by an underlying scale invariance [1–10]. Here, we 
present significant new features of scale symmetry when it is 
amalgamated with a most fundamental description of nature, 
quantum gravity.

Time is “famously lost” in quantizing general relativity (GR), 
since general covariance prefers no temporal coordinates [11]. 
Nonetheless, efforts continued to recover time from a nongrav-
itational sector [12,13]. GR is also nonrenormalizable perturba-
tively, which motivates loop quantum gravity (LQG) [14–16] as 
background-independent quantization using the polymer represen-
tations with countable kinematic states to avoid divergences. This 
leads to spin networks, the polymerlike fabrics of space, carrying 
quanta of areas and volumes.

The sizes of these “chunks” of geometry depend on an ambigu-
ous Immirzi parameter γ [17]. Phenomenological approaches exist 
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e.g. to fix γ so that the microstates of geometry around a black 
hole horizon reproduce the Bekenstein-Hawking entropy [18]. Any 
fixed γ predicts a minimum quantized volume which contributes 
to a widespread presumption that the big bang is replaced by a big 
bounce as demonstrated in many loop quantum cosmology (LQC) 
models [19–21]. Considering the universality of thermodynamics 
across different physical parameters and lack of experimental ev-
idence of a particular γ , possibilities for new approaches to the 
Immirzi ambiguity remain open [15].

Here, we develop a unified approach to the problem of time, 
ambiguity of geometrical spectrum, and existence of the big bang 
in quantum gravity through scale symmetry. Scale invariance is 
found to be powerful in addressing these fundamental issues with 
profound implications.

2. General scale-invariant systems

In the Jordan frame, a general scale-invariant gravity-matter 
theory that encompass dilatonic and standard model-like interac-
tions is described by the action
 BY license (http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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S =
∫ √−g

{1

2
Rφ̃2 + 1

2
(Dφ)2 + V (φ)

+1

4
Fμν F μν − Re ψ† iγ 0(/D + μ(φ))ψ

}
d4x (1)

for the spacetime metric tensor gμν and nφ-dimensional scale field 
φ, spinor fields ψ , and gauge connections Aμ with field strengths 
Fμν . To avoid a negative conformal factor relating S to the Ein-
stein frame, we have used an overall minus sign Eq. (1) without 
changing dynamics. The metric has signature (−, +, +, +), scalar 
curvature R, and determinant g . We adopt units where c = h̄ =
8πG = 1. The nonminimal gravitational coupling with the scalar is 
provided by the factor φ̃2 = ξi jφiφ j with a symmetric matrix ξ . A 
more restricted diagonal ξ has previously been considered in [8]. 
The scalar potential V (φ) is a fourth order homogeneous polyno-
mial in φi and can give rise to an effective cosmological constant, 
Higgs-type mechanisms, cosmic inflation, and hierarchy generation 
in fundamental couplings [4].

The gauge fields Aμ couple in a standard manner through co-
variant derivatives Dμ to the scalars with (Dφ)2 = Dμφi Dμφi and 
to the spinors with /D = γ I eμ

I Dμ . Here the Dirac matrices γ I sat-
isfying the Clifford algebra γ (Iγ J ) = η I J and Hermiticity condition 
γ I † = γ 0γ Iγ 0, with a Yukawa coupling matrix μ(φ) homogeneous 
linearly in φi [22].

Under a conformal, i.e. local rescaling, transformation with an 
arbitrary positive spacetime function �(xμ), we have

gμν → �2 gμν, φ → �−1φ, (2a)

Aμ → Aμ, ψ → �−3/2ψ. (2b)

The scale invariance of the action (1) means it remains unchanged 
under the simultaneous transformations (2), where � is an ar-
bitrary positive constant in general, or spacetime function in the 
special case with ξi j = δi j/6 and scale invariance becomes confor-
mal invariance.

The scale invariance of the theory implies the existence of 
a conserved Noether current, which can be identified from the 
boundary terms of the on-shell variations of the Lagrangian den-
sity of action (1) under an infinitesimal scale transformation (2). 
As generalized from Ref. [8] with an arbitrary ξ matrix, this yields 
the wave equation

�φ2 = 0 (3)

where φ2 = φiφi and � is the box (Laplace-Beltrami) operator us-
ing the curved spacetime metric. Eq. (3) constitutes a conservation 
law for the current ∂μφ2 corresponding to the Weyl scaling sym-
metry, which will therefore be referred to as the “Weyl current.” It 
provides a flow of harmonic time φ2 when ∂μφ2 is timelike [8].

3. Scale-invariant loop quantum gravity

To focus on quantum gravity with scale invariance, we now 
consider the metric-scalar sector of the general theory described 
by action (1) with a zero scalar potential. We start the canonical 
analysis by adapting the Arnowitt-Deser-Misner (ADM) formula-
tion to the geometrodynamics of the resulting system and split the 
spacetime metric gμν into the spatial metric hab , lapse function N , 
and shift vector Na . As in GR, the spatial metric develops in time 
according to ∂thab = Na;b + Nb;a − 2Nkab where kab is the extrinsic 
curvature tensor.

Here, the nonminimal coupling with scalars introduces addi-
tional terms in the spacetime decomposed Lagrangian density of 
the metric-scalar sector of action (1), which we obtain after some 
algebras, to be
L = N
√

h

2
(kabkab − k2 + R)φ̃2 − N

√
h �φ̃2

+√
h kdt φ̃

2 +
√

h

2N
(dtφ)2 − N

√
h

2
(∂φ)2 (4)

up to a total divergence. Above, k is the metric trace of kab , 
dt = ∂t − Na∂a and (∂φ)2 = ∂aφi ∂

aφi , with h, R , ∇a , and � be-
ing the determinant, scalar curvature, metric connection, and the 
Laplace-Beltrami operator of hab respectively.

At the level of the geometrodynamics, the canonical momenta 
of the metric and scalar follow as

pab = −
√

h

2
(kab − habk) φ̃2 −

√
h

2N
hab dt φ̃

2 (5)

π =
√

h

N
dtφ + 2

√
h k ξφ (6)

respectively. These relations allow us to derive the corresponding 
Hamiltonian density of the metric-scalar system by eliminate the 
extrinsic curvature tensor from Eq. (4) to be H = NH + NaHa in 
a completely constrained form as per Dirac’s extended canonical 
theory, in terms of the diffeomorphism constraint

Ha = π∂aφ − 2∇b pb
a (7)

and the Hamiltonian constraint

H = 2(3pab pab − p2)

3
√

h φ̃2
−

√
h

2
R φ̃2 + √

h �φ̃2

+
√

h

2
(∂φ)2 + π2

2
√

h
− (p + 3ξφ π)2

3
√

h ξφ(φ + 6ξφ)
(8)

where π2 = πiπi .
For the above metric-scalar system to be quantized using back-

ground independent loop representations, it is necessary to in-
troduce SU(2) connection-type canonical variables. These can be 
constructed by extending the conformal canonical techniques re-
cently reported in Ref. [8], resulting in the following “conformal 
spin connection variables”

Ai
a = �i

a + γ K i
a (9)

in terms of the “conformal extrinsic curvature” K i
a = h−1(2pab −

hab p)Eb
i where Ei

a is the densitized triad of the spatial metric hab , 
E = det Ei

a , and associated extrinsic curvature K i
a [8]. The canonical 

momenta conjugate to connection (9) are given by Ea
i /γ .

The generator of conformal transformations [23,24], i.e. local 
rescaling, is given by

C = K + 1

2
φ π (10)

where φ π = φiπi and K = K i
a Ea

i is a conformally generalized Thie-
mann complexifier density [14].

In terms of the connection variables (9), we can recast the 
Hamiltonian constraint (8) into the form

H = φ̃2 HE − 1 + γ 2φ̃4

√
E φ̃2

K i[a K j
b]Ea

i Eb
j + √

E �φ̃2 + π2

2
√

E

+
√

E

2
(∂φ)2 + K 2

3
√

E φ̃2
− (K − 3ξφπ)2

3
√

E ξφ(φ − 6ξφ)
. (11)

The generator of scale transformations, i.e. global rescalings, is 
given by
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Fig. 1. New structure of a scalar-spin network: A spin network vertex (blue) inside 
a tetrahedron with corners A, B , C , and D is illustrated. Each of the four triangu-
lar faces is pierced by an edge (red) connected to the vertex, carrying spin quantum 
numbers j1, j2, j3, and j4. In addition to the intertwiner quantum number I , the 
vertex carries a new frequency quantum number ω. The vertex also carries the 
nφ -fold scalar φ which contains a local time τ , as well as an SO(nφ )-valued θ , and 
contributes e−iωτ to the quantum state of the scalar-spin network. The scalar φ
also yields φ̃ so that the Jordan-frame areas of the triangular faces scale with γ /φ̃2. 
The Jordan-frame volume of the space around the vertex scales with γ 3/2/φ̃3. The 
scaling with φ̃ is a feature of the present theory. Note that the Immirzi parameter 
γ can be absorbed by rescaling φ̃ → √

γ φ̃ with corresponding rescaling of other 
fields.

� =
∫
�

C d3x (12)

so that relations (2a) are recovered by e.g. {�, 
√

E} = 3
2

√
E and 

{�, 
√

E} = − 1
2

√
E . From Eq. (11), we also have {�, H} = − 1

2H. 
Consequently, we can introduce a scale-invariant Hamiltonian con-
straint

H̄ = φ̃2
√

E H (13)

satisfying {�, H̄} = 0.
Using a conformal transformation with � = φ̃(x), we obtain the 

conformally invariant Einstein-frame densitized triad

Ēa
i = φ̃2 Ei

a (14)

Āi
a = �̄i

a + γ K̄ i
a (15)

where �̄i
a is the LC spin connection of Ēa

i and K̄ i
a = φ̃−2 K i

a is the 
conformally invariant Einstein-frame extrinsic curvature.

Although the quantized Einstein-frame geometric quantities de-
pends on γ , the corresponding geometric quantities are scaled 
by a compensating power of φ̃ as illustrated in Fig. 1. The scale-
invariance of the theory means any γ can be absorbed by a global 
rescaling and therefore the theory has no Immirzi ambiguity. The 
total Hilbert space is complete with the Hilbert space for the ro-
tational degrees of freedom in the space of the scalar fields φ. 
This leads to a natural set of new canonical variables, namely 
( Āi

a, Ēa
i ), (θ, L), and (τ , C) with Poisson bracket relations includ-

ing

{ Āi
a(x), Ēb

j (x′)} = γ δi
jδ

b
aδ(x, x′)

{Li j(x), Lkl(x′)} = 2δi[l Lk] j(x)δ(x, x′) − (i ↔ j)

{τ (x), C(x′)} = −δ(x, x′)

where we have introduced the SO(nφ )-valued angles of rotation θ
with antisymmetric angular momentum tensor L = 2φ ∧ π in the 
scalar space, i.e. Li j = φiπ j − φ jπi . Furthermore, we have intro-
duced τ by
eτ = φ−2 (16)

and will demonstrate its fundamental role as time in what fol-
lows.

Assuming both � and H̄ are quantized into Hermitian opera-
tors in some Hilbert space and [�, H̄] = 0 is satisfied. Then solu-
tions of H̄� = 0 can be simultaneously the eigen states of � or 
their linear combinations. Using

� → i

∫
�

δ

δτ (x)
d3x (17)

the eigen states of � with some real eigen value ω have the sep-
arable form

� = �ω[ Āi
a, θ] e−iW [τ ]

for a functional W [τ ] linear in τ (x) so that

ω =
∫
�

δW

δτ (x)
d3x.

Since the Hamiltonian constraint acts on the vertices of spin 
networks [25], it is sufficient to consider W [τ ] to have support at 
vertices xi , and assign each vertex an additional quantum number 
ωv so that

W [τ ] = ωv τv := ωv τ (xv)

with ω = ∑
v ωv . The quantum states are therefore expressed as 

superpositions of

� = �ω(h(el)[ Ā], θ(x j)) e−iωv τv (18)

using the cylindrical functions of Āi
a , with holonomies h(el)[ Ā]

over edges el .
As an interesting example, in the case of ξi j = ξδi j with any 

nonconformal value of ξ > 1/6, Eq. (11) simplifies significantly al-
lowing Eq. (13) to yield

H̄ = ξ2φ4
√

E HE − (
1 + γ 2ξ2φ4)K i[a K j

b]Ea
i Eb

j

+ξ2φ2�φ2 E − ξ L2

2
+ 2ξC2

6ξ − 1
(19)

where L2 = ∑
L2

i j = φ2π2 − (πφ)2 is the squared total angular mo-
mentum in the scalar space.

The quantum constraint equation H̄� = 0 using Eq. (19) then 
yields the following functional Schrödinger equation

i
δ

δτ (x)
� = h(x)� (20)

where

h2 = 6ξ − 1

4
L2 − 6ξ − 1

2ξ

{
ξ2φ4

√
E HE

−(
1 + γ 2ξ2φ4)K i[a K j

b]Ea
i Eb

j + ξ2φ2�φ2 E
}
.

From Eqs. (18) and (20) we have

h(x)�ω = ωv δ(xv , x)�ω (21)

analogous to the time-independent Schrödinger equations.
If � is chosen to be a constant time hypersurface (τ = spatial 

const.), then Eq. (17) reduces to � → i∂/∂τ and so the functional 
Schrödinger equation implies the effective Schrödinger equation

i
∂

∂τ
� =

∫
�

h d3x�. (22)
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4. Scale-invariant cosmological model

As a first application to cosmology, let us consider two scalar 
fields φ1 and φ2 with momenta π1 and π2 and equal curvature 
coupling ξ1 = ξ2 = ξ for 1/6 < ξ < ∞. In a spatially flat Friedmann 
model, the metric sector is described by a fiducial cell with unity 
coordinate volume with the Einstein-frame volume V̄ =

√
Ē . The 

corresponding Jordan-frame volume, which interacts directly with 
matter [26], is V = ξ−3/2φ−3 V̄ , where φ =

√
φ2

1 + φ2
2 . Then H̄ in 

(19) reduces to
H̄ = −1

3
K̄ 2 + 2ξ

6ξ − 1
�2 − ξ

2
L2 (23)

with the canonical pairs of variables: (V̄ , B̄ = − 2
3 K̄/V̄ ), (θ =

tan−1 φ2/φ1, L = φ1π2 − φ2π1), and (τ = ln φ−2, −�), where K̄ =
K̄ i

a Ēa
i is the Einstein-frame mean extrinsic curvature.

In terms of canonical variables V̄ and B̄ , the Einstein-frame 
mean extrinsic curvature K̄ = − 3

2 B̄ V̄ , fiducial cell volume V̄ , and 
gravitational Hamiltonian constraint H̄ = − 3

4 B̄2 V̄ , the algebra

{V̄ , H̄} = K̄ , {K̄ , V̄ } = 3
V̄ , {K̄ , H̄} = −3

H̄ (24)

2 2
Fig. 2. Numerical simulations of an expanding universe: The modulus squared of a parity-preserving wave function �(ν) = �(−ν) is evaluated on a symmetric lattice with 
ν = 4λ(n − 1/2) which excludes ν = 0, for a truncated range 1 − nmax ≤ n ≤ nmax of n. The wave function evolves unitarily along the inverse scalar φ−1 = eτ/2 shown 
vertically. Choosing γ = 1, ξ = 2/9, and truncation size nmax = 400, an initial wave packet at φ−1 = 50 corresponding to τ = −7.82 shown in Fig. 3 with m = 0 leads to a 
nondispersive evolution of the probability distribution of the Einstein-frame volume (upper-left), where the corresponding classical solution (blue dash) follows closely the 
positive branch of the wave packet motion. For the same parameter and initial wave packet with m = 2, the evolution becomes dispersive (upper-right). The corresponding 
quantum evolutions of the Jordan-frame volume, to which matter directly couples, are show in the lower-left plot with m = 0 and in the lower-right plot with m = 2, where 
the cosmic expansion is evident. Furthermore, the big bang can be identified at φ−1 → 0 i.e. τ → −∞ where V → 0. Similar simulations are obtained with an alternative 
symmetric lattice ν = 4λn for −nmax ≤ n ≤ nmax including ν = 0. Here, the choices of m = 0 and m = 2 are representative of nondispersive and dispersive volume evolutions 
respectively. The latter can be obtained with any nonzero m values. A small “lump” appearing at the bottoms of upper plots is caused by the finite grid size, which can be 
reduced by increasing nmax as shown in Fig. 4.
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ensures that K̄ is the generator of the metric sector scale transfor-
mations [14,27,28].

Since the Einstein-frame quantities in the metric sector have 
the same forms as in GR [29], we can express the Einstein-frame 
volume of the fiducial cell and its momentum in terms of the vari-
ables ν and b satisfying {ν, b} = 2 commonly used in LQC [21] as 
follows

V̄ = γ ν

4
, B̄ = 2b

γ
. (25)

The above variables are quantized in polymer representations, 
where the Hilbert space consists of dense states |ν〉 diagonalizing 
ν , with inner product 〈ν|ν ′〉 = δνν ′ and action e−iλb|ν〉 = |ν + 2λ〉
of exponentiated b for any real λ. The standard approach [19] cor-

responds to the regularization b 
reg.−→ λ−1sin λb of b in the Hamil-

tonian constraint operator, where λ2 = 4
√

3πγ �2
P and �P is the 

Planck length. It leads to a lattice of the basis states |ν〉 with 
equal spacing �ν = 4λ. However, this regularization does not pre-
serve the algebra (24). To ensure K̄ as the generator of the scale 
transformation in the metric sector as part of our scale-invariant 
quantization, we adopt a modified regularization

b
reg.−→ tanλb

λ
, ν

reg.−→ ν cos2 λb (26)

on both b and v that preserves the algebra (24) recently suggested 
in Refs. [27,28].

We also employ symmetric factor orderings of ν and b in quan-
tizing K̄ , V̄ , and H̄ into Hermitian operators, with their regularized 
constructions and actions explicitly given by

K̄ |ν〉 = − 3

16λ
[sin 2λb ν + ν sin 2λb]|ν〉

= 3i

16λ

[
(ν − 2λ)|ν − 4λ〉

−(ν + 2λ)|ν + 4λ〉], (27a)

V̄ |ν〉 = γ

4
cosλb ν cosλb |ν〉

= γ

16

[
(ν − 2λ)|ν − 4λ〉 + 2ν|ν〉

+(ν + 2λ)|ν + 4λ〉], (27b)

H̄|ν〉 = − 3

4λ2γ
sinλb ν sinλb |ν〉

= 3

16λ2γ

[
(ν − 2λ)|ν − 4λ〉 − 2ν|ν〉

+(ν + 2λ)|ν + 4λ〉]. (27c)

The weakly vanishing of Eq. (23) gives rise to the Klein-Gordon-
like equation H̄|�〉 = 0 with � → i∂τ and L → −i∂θ . It admits 
time-dependent solutions in the separable form

|�(θ, τ )〉 =
∑
k,m

ψkm e−i ω(k,m)τ |k,m〉 (28)

where |k, m〉 = 1√
2π

ei 2mπθ |k〉 in terms of |k〉 as the orthonormal 
eigen states of K̄ with eigen values k which can be derived in a 
standard manner from the matrix elements of K̄ using Eq. (27a), 
and

ω2 = 6ξ − 1

6ξ
k2 + (6ξ − 1)π2m2 (29)

for m = 0, ±1, ±2, . . .
The positive frequency solutions satisfying the Schrödinger 
equation (22), i.e.

i∂τ |�〉 = H |�〉 (30)

with the effective Hamiltonian

H =
√

6ξ − 1

6ξ
K̄ 2 + 6ξ − 1

4
L2 (31)

has an inner product

〈�1|�2〉 =
∑

k1,m1

∑
k2,m2

2π∫
0

dθ

2π
ψ∗

1 k1m1
ψ2 k2m2

× ei 2π(m2−m1)θ 〈k1|k2〉
=

∑
k,m

ψ∗
1 kmψ2 km. (32)

Fig. 3. The initial state at τ = −7.82 used in Fig. 2 in the Einstein-frame volume V̄
basis (upper) and in the ν basis (lower). This wave packet is chosen to be Gaussian-
like localized distribution of corresponding volume states for ease of comparing 
quantum and classical evolutions.
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Fig. 4. Effects of the grid size on numerical simulations: The quantum expectation 
values for the Einstein-frame volume are evaluated using m = 0 and truncation sizes 
nmax = 200, 400, and 600, otherwise similar settings as in Figs. 2 and 3, including 
the inverse scalar φ−1 = eτ/2 as the evolution parameter. It can be seen that these 
expectation values agree with the classical solution (blue dash) except some regions 
of small φ−1 close to the big bang due to the finite grid size used in the numerical 
simulations. However, this region narrows with improved grid size using a larger 
nmax.

It follows that the basis states |k, m〉 are orthonormal, satis-
fying 〈k1, m1|k2, m2〉 = δk1k2δm1m2 . Furthermore, the Hamiltonian 
(31) is indeed self-adjoint with respect to the inner product (32)
since H is diagonal in the |k, m〉 basis with real eigen values √

(6ξ − 1)(k2/6ξ + π2m2).
In the continuous k limit, dispersion relation (29) yields a group 

velocity v = dŪ/dτ , where Ū = ln V̄ −2/3 is canonically conjugate 
to K̄ . For example, with m = 0, we have

v = dω

dk
= ±

√
6ξ − 1

6ξ

agreeing with the classical solution Ū = ±
√

6ξ−1
6ξ

τ up to a trans-

lation in τ .
Under a rescaling of the Immirzi parameter

γ → eαγ (33)

we have the induced changes b → e−α/2b and ν → eα/2ν and 
hence

B̄ → e−3α/2 B̄, V̄ → e3α/2 V̄ . (34)

Therefore, to accompany Eq. (33) if we also perform a rescaling of 
the scalar φ → eα/2φ, or equivalently a translation of time

τ → τ − α (35)

then the Jordan-frame volume stays invariant, i.e.

V → V (36)

under Eqs. (33) and (35) simultaneously. Consequently, the cos-
mological evolution is free from the Immirzi ambiguity. The 
Schrödinger equation (30) underlines its unitary quantum evolu-
tion without singularities at all time values in τ . The big bang 
singularity emerges only from compactifying the infinite half axis 
in the negative τ direction through Eq. (16), where the universe 
appears to begin with a zero Jordan-frame volume, as illustrated 
in Figs. 2–4.

5. Conclusion

Numerous recent developments in physics and cosmology have 
pointed to significant importance of scale invariance. Supported 
by this cumulation of evidence, we have presented a novel ap-
proach to quantum gravity providing a joint resolution to the vital 
problem of time, ambiguity of quantized geometry, and existence 
of a well-behaved big bang, through the principle of scale gauge 
symmetry. Using background-independent loop quantization tech-
niques, we have constructed a new formulation of time discretely 
distributed in space as the direct carrier of quantized energy at the 
most elementary level. The precise determination of this energy 
will in general involve detailed gravitational interactions with mat-
ter encoded in the scale-invariant Hamiltonian constraint, which 
offers a new ground for unifying quantum and gravitational theo-
ries.
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